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Motivation

@ Non-relativistic quantum field theory sometimes simpler

Condensed matter phenomena better understood in that framework

@ Neutrinos become non-relativistic at late times
@ Cold dark matter is also non-relatvistic

Non-relativistic limit non-trivial for real fields



|. Scalars



Literature

@ exact real scalar transformation: Namjoo, Guth, and Kaiser, “Relativistic
corrections to nonrelativistic effective field theories”

@ generalisation to arbitrary spacetime: Heyen and Floerchinger, “Real scalar
field, the nonrelativistic limit, and the cosmological expansion”

@ overview over different methods: Braaten, Mohapatra, and Zhang,
“Classical nonrelativistic effective field theories for a real scalar field”



The starting point

We start with a known relativistic action S[¢] of a field ¢, e.g. a complex
scalar field without interaction:

Sl¢] = / Az {(9,0)(0"6") — mlo|*}

— transform ¢ to a 'non-relativistic’ field 1) such that the action can be
expanded in momentum



The ¢ — oo limit

A simple ansatz for this is to start with the equation of motion
1 -
678,5% — Vi +m?Pp=0

and assume that the energy of particle is close to its rest energy. The resulting
phase can be factored out as

Non-relativistic is here defined by the particle energy being close to the positive
mass pole of its propagator. The equation of motion becomes

1 ) 1 =



The ¢ — oo limit

In the limit ¢ — oo the first term drops out and the resulting equation of
motion for v is the free Schroedinger equation.

=2
—i0u) — Z¢ =0
2m

This equation is first order in time derivatives while the Klein-Gordon equation
we started with is second order. The degrees of freedom we lost in taking the
limit is the information about antiparticles.



Real scalar fields

The ¢ — oo limit fails for real scalar, where all terms would oscillate infinitely
fast. Starting at the action again

5= [da{ g @0 - juiet|

we can look at it from a Hamiltonian perspective

H=on 4 5(V9) - (V6) + gmi?

with the equations of motion

b=m, 7= (V?—m?)e.



NGK Transformation

Transforming ¢ and 7 into a single complex field with independent real and
imaginary part would keep the same number of degrees of freedom.
Namjoo, Guth and Kaiser found such a transformation for real scalar fields®

1/] 7;7‘ imt 1/2 <¢+ 2p- ) 7

Where the non-local operator P can be understood via its Taylor expansion

62 62 (62)2

or via its momentum space representation

N2
pf == m_lEﬁ
m

Namjoo, Guth, and Kaiser, “Relativistic corrections to nonrelativistic effective field theories” .



NGK Transformation

This transformation is canonical and can be inverted as
1 /Pi% (e—imtd) + €+imt’(/}*)
V2m ’

== i\/gp% (e*imtw _ eJrimtw*) _

At this point no information has been lost, the two descriptions are equivalent.
The equation of motion of the transformed field is

¢:

i0p = m(P — 1)



NGK Transformation

The point at which we lose information lies in the expansion of this equation of

motion in p2/m2. To lowest order this is the Schroedinger equation, but higher
orders can be systematically obtained.

' _ 62 (62)2
0= "5 = gms TV

The Lagrangian would be

L= L0~ Yw") —y*m(P — 1)y

Q
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Adding interactions

Now we go to an interacting theory

5= [da{ G @00 - juie* - o'

The additional term in the action adds a term to the equation of motion

A

i = m(P — 1) 71/2eimt(P71/267imtw +P71/2eimtw*)3

which contains fast oscillating terms that we expect to average out over time.



Adding interactions

In order to get rid of the oscillating terms, we define auxiliary quantities and
expand them in frequency modes which are multiples of the mass

G = P_1/2 zmt(P—1/2 —7.mfw+P—1/2 zmt Z G e ivmt

V=—00
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v

\IIZP_I/2’¢}: Z \ijeiumt

We can further identify

G, =P Y {q/,t\lqufﬂu_u_#/ R 7 S
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Adding interactions

We can use this splitting to write down equations of motions for the frequency
modes

L A
Z’(/}y — l/m’(/)V = m(P — 1)1/%; -+ WGV

The mode we will be looking at is the ground mode 1. In order to obtain its
dynamics we assume several quantities to be small. This includes all
non-ground modes ¥, and their time derivatives ¥, /¥, the interaction
strength A and all appearances of V2.



Adding interaction

Expanding to second order in small quantities, we will replace every non-ground
mode by its truncated inverted equation of motion

A1 —v—P) tpt/2
4Im3 ¢

\I/V;ﬁ() -

v

Following this scheme and expanding all the P operators leads to

I A ) 1 .,

1hs = — %V Ps + ijs‘ PYs — %V Ps
A
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Adding interaction

Translated back into an effective Lagrangian, this becomes
|4
(s (WIV s +9:V*0))

Lon =2 (ol — $o8) - —(vwsxw;) -

* 8—<v P (F2) -
17X

+9 28 |w5| .

324

which contains relativistic corrections, higher order interactions and derivative
interactions.



Going to a cosmological setting

In cosmological problems we cannot always assume spacetime to be
Minkowskian. We will consider a scenario of expanding spacetime using the
Friedmann-Lem4itre-Robertson-Walker (FLRW) metric

ds® = —dt® + a(t)* dz®
(g/LV) = dlag(_17 (12, CLQ, a2)

The action of a free real scalar on this background is

S = /d4:c V—gL = /d4ma(t)3£

1

_ pv 1 9.9
L= *59 (0u9)(0v9) — im ¢

e L3S L2
= 5@9)" = Ja()(V9)? — Sm%



c — oo in FLRW spacetime

The equation of motion of a free complex scalar in FLRW spacetime is
1 3H o=
0—283¢ + 500 —a V2 +milo=0

where H = a/a is the Hubble rate. As in the Minkowskian case, we can now
replace transform the field according to

¢ o 1 67im52tw
vam
and take the limit ¢ — co. We end up with a slightly modified equation of
motion 3 1
. . =2
—i0p — ile - Wmv P =0.

The expanding spacetime scales the spatial derivatives and introduces a
damping term.



Covariantly non-relativistic?

Velocities being non-relativistic is a frame-dependent statement. We define the
frame in which the system is non-relativistic by chosing a timelike unit vector
ut as its time direction.

utu, = —1

We define the projector perpendicular to u* as

AP = g

With this frame of reference a velocity v* being non-relativistic means

A"’ < (uvt)?



Building the transformation

Staying close to the NGK transformation we want a generalized transformation
that is:

o linear
@ local in the time-direction defined by u*
@ an exact transformation to iu" 0, = O’l/)

@ canonical (up to a constant factor)



Covariant formalism

With these conditions for the transformation our ansatz becomes
Y = a(p+ i V)
where o and « are both differential operators that do not contain u*V,. For
Minkwoski spacetime, we recover the NGK transformation by chosing
ut = (1,0,0,0)"

m
o = -

2
v =(mP)~!

Pp1/2 gim



Covariant formalism

The equation of motion for the relativistic field ¢ is
—g"' Vw0, +m’e =0
With this we can calculate the time derivative of the transformed field as
U9 =[utBua 4+ iB(—m® + VA" D,)]¢
+ [a+ "8, 8 — ifV u” | (u" 0ud)

where we replaced the second order time derivative with the equation of motion
of ¢. In order for this to be of the desired form, the first bracket has to be
proportional to « and the second has to be the same factor multiplied by ia~y.



Covariant formalism

This leads to a differential equation for ~
u’ 9,y +iBy? — (Vuut)y —i=0
B = (m® - V,A"d,)

Where there derivatives in spatial directions are something that  can explicitly
depend on, while the time derivatives are not. This fixes the equation of
motion of the transformed field to

u9,1p = [ utd,a — iBA)



Covariant formalism

The transformation is canonical (up to a factor) if we can find a generating
function F(¢,Im(t)) with

OF oF
uualt¢ = 67925 ) Re(?/)) = alm(w)

Such a function can be found

Fovm(w) =~ tn() (o) ()~ o (@) o

#1m00) (et ) ¢

only if we assume the relation

laf* = (2Re(7) "



Covariant formalism

In order to further simplify the equation we can look at the real part of the
differential equation for v which (assuming all eigenvalues of B are real) gives

us
ut 9, Re(7)

2Re(7)
The real part of the right hand side of the transformed equation of motion also
contains
Re wopa) _ uOulal _ 1u'9,Re(y)
o |a 2 Re(y) ~

The two identities can be used to simplify the equation of motion to

Blm(y) = - %V‘Lu”

i {W@W + %(VW”W} = — [u"0u arg(a) — BRe(7)] .



Covariant formalism

The Lagrangian belonging to this equation of motion is exactly what we would
expect for a non-relativistic theory

£ = LI 0u0)0" — v 0,0")) + 4" [u B, axg(a) — BRe(1)] ¥

In Minkowski spacetime with u* = (1,0,0,0)”, arg(a) = mt and
BRe(vy) = mP we return to the Lagrangian of the NGK transformed scalar.

1

£ = 5 (W 00" — b 9,u)) = ¥'m(P = Dy



Application to FLRW

Going back to specifically FLRW spacetime, we now have another scale added
in H. For simplicity we will consider late times

H
— < 1
m

The three choices left for us to make are the choice of frame, the initial
condition of the differential equation for v and the phase of a.. For the first the

simplest choice is
ut = (1,0,0,0)"

With this the spatial projector and the differential operators become
A" = ¢ %diag(0,1,1,1)
u”aﬂ = 8t

B=m’—-V,A"3, =m® —a V>



Application to FLRW

With this the differential equation for v becomes
u Oy +i(m? —a 2V — (Vul)y —i=0

We expand -y in orders of H/m and chose as our initial condition that the
lowest order matches with the NGK transformation in the limit a — 1

v = % <7D;1 - %(Pf +2P,; %)+ 0 ((5)2»

with a modified differential operator



Application to FLRW

The phase of o can again be chosen as arg(a) = mt

m
a = 761mt7);/2
\/ 2
The full transformation is

m eimt 1/2 —1_ﬂ -4 -2 u
Y= 3¢ (qH— (Pu Qm(P’l + 2P, )u 8H¢)

The equation of motion for the transformed field then becomes

2a2m

=2
i (¢ + gHw) —m(Pa— I~ =

which to lowest order matches with the ¢ — oo limit.



Effective Lagrangian for ¢* in FLRW spacetime

Adding a four-point interaction changes the Lagrangian to

A
4l

1

v 1 2,2
L=—39"(0u0)(0u0) — 5m*¢" — 16"

and adds a term to the equation of motion
. 7 3 >\ * % *\3
i\ ¥+ 5HY ) =m(Pa— 1)+ gray(a™y Y+ ary’)

which we expand in the same frequency modes as for the NGK transformation.



Effective Lagrangian for ¢* in FLRW spacetime

. . . . .. 52
The difference here is that we also consider H/m small in addition to 2, A

and “’”

The resultlng effective Lagrangian is

eff—f(wsws o) = (vws)(w:) = Tzl
+ gt (V¥ (V? w:) — S e PR + 0 T)
17)\2 3,\H
+ g e sl K

which contains additional factors of a scaling each spatial derivative and a new
term proportional to the Hubble rate H.



Complex scalar fields

A free complex scalar on a general background metric has the Lagrangian
L= —g"(0,9")(0,®) — m*|
If we transform the complex scalar according to

Uy = (P + iyut'V,P) = Y1+ irh2),

75
1

Uy = (" +iyu"V,0") = T(wl — d1h2)

the Lagrangian becomes
2 i
=% {i(wauq;n)\p; — U, (uh 8, L))
n=1

+ W}, (w9, arg(a) — BRe(y)) U }

which contains just two identical independent non-relativistic fields representing
particles and antiparticles.



[l. Features of non-relativistic theories



Symmetries of non-relativistic quantum field theories

Consider Gross-Pitaevskii action

S = /dtddlx{np*(t,f)

Galilei transformations as non-relativistic limit of Poincare transformations

VP ; A
Zat —+ % — V(t7 .'Z')

‘P(tv f) - 590*2(26’ f)@2(t’ f)}

(t,2’) = (t+a, R 2" + o't + 1)
Composition law

(R2,az,¥2,b2) o (Ry, a1, ¥1,b1) = (RaR1, az + a1, @2 + Rat1, by + Raby + T2a1)



Rotations

Rotations are realized as in the relativistic case with hermitian generators
J; = %Ejklel. When acting on a scalar field we have My, = Mj,; where

Mkz = —i(xkal — xlak)
The action on a scalar field is simply
(t, &) = ¢'(t, %) = p(t, R ).

For non-relativistic spinor or tensor fields, this is supplemented by the
appropriate generator acting on the “internal” representation of the field



Translations in space and time

Translations in space and time are also implemented as in the relativistic case.
They are generated by

0 o
at’ I T

The action of a finite group element on the scalar field is

Po=—H=—i

(p(t7 f) - W/(ta f) = W(t - a7f - g)
For an infinitesimal transformation this becomes
o(t, ) = ¢ (t,7) = (1 —idaPy — idbij) o(t, 7).

The last equation is for an infinitesimal transformation. Eigenfunctions are
plane waves, e T%PT 35 ysual.



Galilei boosts

Galilei boosts are realized in a somewhat non-trivial way

Smu2t

o(t, @) = @' (t, ) = ™7 o(t, 7 — t)

Infinitesimal transformation
p(t.d) = ¢ (6:3) = (1—id'K;) (t,3),
where the boost generator is

j mx; 2 %

In particular, we see that this depends through the first term on the particle
mass m.



Lie algebra

Commutation relations contain particle mass m as central charge

[Pj, P] = [Po, Pi] = [K;, Ki] = 0,

[J;, Ji] = i€ni i, [Jj, Po] =0

[J;, Pi] = i€;u Py, [Jj, Ki] = i€ K,
[K;, Po] = —iP;, [K;, Px] = —imdji.

Galilei group realized as projective representation.
Superselection rule: linear superpositions of states with different mass m are
not allowed.
Alternatively introduce mass operator M as element of the Lie algebra
(K, Pr] = —iM bk,
[M7P0] = [Mv PJ} = [Mv JJ} = [M7KJ] =0

Mass operator is in the center of the algebra.



Galilei covariant derivative

Consider transformation of time derivative term

—2
©* (t, @) [10:) o(t, F) — " (t, % — vt) {i@t + mz“ - wv} o(t, @ — t).
Consider also the spatial derivative term
=0 =2 —2
o (1, 7) [Zm} o, 7) — " (£, 7 — ) B’”‘ - i | ol @ - ).

Neither the time derivative term nor the spatial derivative terms are Galilei
covariant by themselves. However, their combination is. The combination
I v
9D = 10; + —,
2m
is acting as a covariant derivative with respect to Galilei boost transformations

_ . mu2t _mit

Do(t, &) — D™ TN o(t, & — Tt) = ™ Qo(t, & — Ut).




Global U(1) transformations

The action has another symmetry, namely under global U(1) transformations,
o(t, Z) = "“p(t, T), ©*(t, F) = e " (t, T).
Consequence is the conservation law for particle number
8tn + 67_1’ =0.
Here n = ¢* @ is the particle number density and
— 7 * =
n=—— (w Vo — Ve )
m

is the corresponding current.



Time-dependent U(1) transformations

Consider time dependent U(1) transformations,
o(t, @) — e *Dop(t, 7), O (t,7) — e W (1, 7).
Time derivative term transforms as
[i0:] o — [i0:] €D o = D) [—8,u(t) + i8;] .

Can be compensated by a change in the external potential,

V(t,Z) = V(t,Z) — dean(t).
The extended combination

=2
9 =10 + 2VTn - V(t,2),

is a covariant derivative for both Galilei boost and time-dependent U(1)
transformations.



Scaling transformations

Theories without interaction or at renormalization group fixed points have more
symmetries. Non-relativistic scaling

(t, %) — (N, A7) .
Dilation transformation acting on the field,
p(t.7) = ¢ (t,0) = ATV 2o A ).
For an infinitesimal transformation A = 1 + ¢ this can be written as
p(t,7) = ¢'(t, T) = (1 — icD) (t, 3),

with the dilatation operator acting acting on the scalar fields given by

ad 1o} d—1
D= z(m WJF%E) 72?.



Time-dependent scaling or “Schriodinger expansion”

Another interesting symmetry of the free Schrédinger equation with respect to
the time-dependent scaling

8+ () = (e 1 )

As an infinitesimal transformation this reads

(t, @) — (t', &) = (t — dft*, & — dftz).
Infinitesimal transformation of the fields

o(t, @) = ¢'(t,7) = (1 —idf C) p(t, ),

with the generator for a special conformal transformation

(2D e D) el 1
C= z(t 8t—|—tr pye it 5 me.



Full Schrodinger algebra

There are 12 generators in total (not counting the central charge)
e 3 rotations

o 3 Galilei boosts

3 translations in space

1 translation in time

o 1 dilatation
@ 1 special conformal transformation

Dilations and Special conformal symmetry transformations are often broken by
interaction terms.
Additional commutation relations

[D, J;] =0, [D, P;] = iP;j, (D, Po] = 2i Py,
[D, K] = —iK; [D, M] =0,

[C? J]} =0, [CaKJ} =0, [C7PJ] :in7

[

C, ) = iD, [C, D] = 2iC.



Effective potential

Write the action as
S = /dtd3 zat + m) p—=V(p" w)}
with microscopic potential as a function of p = ¢,
V(p) = Vop + %pQ = —pup+ 302.

At non-vanishing density one has Vo = —pu, where p is the chemical potential.
For 1 > 0 the minimum of the effective potential is at pg > 0.



Bose-Einstein condensate

If the solution ¢(x) = ¢ is homogeneous (constant in space and time), it must
correspond to a minimum of the effective potential,

V'(po) = —p + Apo = 0,

Breaks the global U(1) symmetry spontaneously: Bose-Einstein condensation.

or



Bogoliulov excitations
Study small perturbations around the homogeneous field value ¢,

p(z) = do + —= [¢1(2) + i da2(2)],

1
V2

with real fields ¢1(x) and ¢2(z). The quadratic part of the action reads

_v? 2
S, :/dt d%{—;(m,@) ( am BQWO aé2> @;)}
—0¢ " 2m

In momentum space, the matrix between the fields becomes

al 2,
Gl(w,m=<2mf2*¢0 ’“)

P
w 2m

Dispersion relation for quasi-particle excitations

_ (7 2| P
v \/<2m +2/\¢0) 2m’

This is known as Bogoliubov dispersion relation.




Phonons and particles
For small momenta, such that 52 < A¢2m?2, one finds

~ (/290

In contrast, for p > A\¢p2m? one recovers the usual dispersion relation for

non-relativistic particles
o

~ L
2m’
The low-momentum region describes phonons (quasi-particles of sound
excitations), while the large-momentum region describes normal particles.

0.0 0.5 1.0 1.5 2.0




Landau’s criterion for superfluidity

Excitations leading to friction are created for small temperatures only when

e(@)+p-v<0.

Otherwise there is no viscosity and the flow is superfluid. This happens for
motion below the critical velocity

Ve = m|n@
Pl
For the Bogoliubov dispersion relation the critical velocity equals the velocity of
sound
by 2
ve =y = 1220,
m

For larger relative velocities, superfluidity is lost.



Additional material



Emergent global symmetries

o real scalar: U(1) — Q= [d®z\/—gl¥|*
broken by interaction, restored by approximation method
— conservation of particle number

o complex scalar: U(2), broken by interaction down to U(1) with

Q= [d’zy/=g(|01]* —[P2]*)

— conservation of charge



Interpretation as Bogoliubov transformation

@ associate non-relativistic fields with a new set of annihilation and creation
operators

S fdsp bye T 4t = dep b;,e”’I
@ can express these in terms of the relativistic operators ap, a;

e Bogoliubov transformation: b, = upa, + v;aip, bT pap + vpa_p,
2 2
lup|® — [vp|” =1

o works for general background metric

o flat spacetime: u, = €™, v, =0 — same vacuum
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