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Outline

→ Boltzmann equation for the early universe

→ Seesaw type-I reaction rates for heavy neutrinos

→ Unitarity and CP asymmetries at zero temperature

→ Quantum thermal corrections at any perturbative order



Boltzmann equation for the early universe

Temporal evolution of the number density of the i1
particle species

ṅi1 + 3Hni1 = −γ̊fi + γ̊if + . . . (1)

i1

ip

f1

fq

γ̊fi =

∫ ∏
{i}

[dpi]f̊i(pi)

∫ ∏
{f}

[dpf ](2π)4δ(4)(Pf − Pi)|M̊fi|2 (2)

where [dp] =
d3p

(2π)32Ep
, in equilibrium f̊ eq(p) = exp

{
−
Ep − µ
T

}
, and |M̊fi|2 is obtained

using zero-temperature Feynman rules.



Effects of quantum statistics

γfi =

∫ ∏
{i}

[dpi]fi(pi)

∫ ∏
{f}

[dpf ] (1± ff (pf )) (2π)4δ(4)(Pf − Pi)|M̊fi|2 (3)

with f eq(p) =
1

exp
{
Ep−µ
T

}
∓ 1

.

Works fine if there are no on-shell intermediate states (to be

subtracted to avoid double-counting) in M̊fi.

〈Tφ(x)φ(0)〉 →
∫

d4p

(2π)4
e−ip.x

(
i

p2 −m2 + iε
+ 2πf(|p0|)δ(p2 −m2)

)
(4)
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Seesaw type-I and Ni → lH decays

L ⊃ −YαiN̄iPLlαH + H.c. (5)

What is the full list of processes contributing to the nNi
(t) evolution

to the O(Y2) order?



Seesaw type-I and Ni → lH decays

L ⊃ −YαiN̄iPLlαH + H.c. (5)

γ̊N→lH =

∫
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∫
[dpH ][dpl](2π)4δ(4)(pN − pl − pH)|M̊N→lH |2 (6)
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Seesaw type-I and Ni → lH decays
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γ̊Ni→lH =

∫
[dpNi

]f̊Ni

∫
[dpH ][dpl](2π)4δ(4)(pNi

− pl − pH)|M̊N→lH |2 (7a)

γ̊NiH→lHH =

∫
[dpNi

][dpH ]f̊Ni
f̊ eq
H

∫
[dpl](2π)4δ(4)(pNi

− pl − pH)|M̊N→lH |2 (7b)



Cylindrical diagrams and quantum statistics

Ni Ni

lα lα

H H

w = 0

Ni Ni

lα lα

HH

w = 1

Ni Ni

lα lα

HH

w = 2

Ni Ni

lα

H

∞∑
w=0

(
f̊ eq
H

)w
=

1

1− exp{−EH/T}
= 1 +

1

exp{EH/T} − 1
= 1 + f eq

H (8)



Cylindrical diagrams and quantum statistics

Similarly, for Ni and lα

fNi
=

∞∑
w=0

(−1)w
(
f̊Ni

)w+1
=

1

exp
{(
ENi
− µNi

)
/T
}

+ 1
(9a)

1− f eq
l =

∞∑
w=0

(−1)w
(
f̊ eq
l

)w
=

exp {El/T}
exp {El/T}+ 1

(9b)

such that

γNi→lH =

∫
. . . fNi

(1− f eq
l )(1 + f eq

H ) |M̊Ni→lH |
2. (10)



Thermal propagators

Nj Ni

l̄β

H̄
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l̄β
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i

p2
H̄

+ iε
+ 2π

∞∑
w=1

f̊wH̄θ(p
0
H̄)δ(p2

H̄) → i

p2
H̄

+ iε
+ 2πf(p0

H̄)θ(p0
H̄)δ(p2

H̄) (11)

Blažek, T., Maták, P., 2104.06395
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S-matrix unitarity at T = 0

Using S†S = 1 for Sfi = δfi + iTfi = δfi + i(2π)4δ(4)(Pf − Pi)M̊fi, we obtain

1− iT † =(1 + iT )−1 = 1− iT + (iT )2 − (iT )3 + . . . (12)

such that

iT †if =iTif −
∑
n

iTiniTnf +
∑
n,m

iTiniTnmiTmf − . . . (13)

γ̊fi = − 1

V4

∫ ∏
{i}

[dpi]f̊i(pi)

∫ ∏
{f}

[dpf ]

(
iTif iTfi −

∑
n

iTiniTnf iTfi + . . .

)
(14)



CP (T ) asymmetries in general

In a CPT symmetric quantum theory, the CP asymmetry is defined as
∆|Tfi|2 = |Tfi|2 − |Tif |2 and

∆|Tfi|2 = −iT †if iTfi + iTif iT †fi =
∑
n

(iTiniTnf iTfi − iTif iTfniTni) (15)

−
∑
n,m

(iTiniTnmiTmf iTfi − iTif iTfmiTmniTni)

+ . . . = − 1

V4
(2π)4δ(4)(Pf − Pi)∆|M̊fi|2

Blažek, T., Maták, P., Phys. Rev. D103 (2021) L091302

Unitarity constraints

∑
f

∆|Tfi|
2 = 0 →

∑
f

∆γ̊eq
fi = 0 (16)

https://doi.org/10.1103/PhysRevD.103.L091302


CP asymmetries at O(Y4)
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∆γNi→lH =

∫
. . . f

Ni

(
1− f eq

l

)(
1 + f eq

H

)(
1− f eq

l̄

)(
1 + f eq

H̄

)
∆|M̊Ni→lH |

2 (17)



CP asymmetries at O(Y4)
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ṅL + 3HnL =

∫
. . . δfNi

(
1− f eq

l

)(
1 + f eq

H

) (
1− f eq

l̄
+ f eq

H̄

)
∆|M̊Ni→lH |

2 + . . . (18)

Garny, M. et al., Phys. Rev. D80 (2009) 125027

https://doi.org/10.1103/PhysRevD.80.125027


General one-particle densities

The hermiticity and positive definiteness of ρ̂ allows us to write

ρ̂ =
1

Z
exp

{
−F̂

}
,Z = Tr exp

{
−F̂

}
. (19)

Assuming molecular chaos, we set

F̂ =
∑
p

Fpa†pap (20)

Wagner, M., Phys. Rev. B44 (1991) 6104–6117

Z =
∑
{i}

exp {−F1i1 −F2i2 − . . .} =
∏
p

Zp kde Zp =
exp{Fp}

exp{Fp} − 1
, (21)

fp =Tr
[
ρ̂a†pap

]
=

1

exp{Fp} − 1
⇒ f̊p

def.
= exp

{
−Fp

}

https://doi.org/10.1103/PhysRevB.44.6104


General one-particle densities

ρ̂′ = Sρ̂S† ⇒ ρ̂′ − ρ̂ = T ρ̂T † − 1

2
TT †ρ̂− 1

2
ρ̂TT † + . . . (22)

McKellar, B.H.J., Thomson, M.J., Phys. Rev. D49 (1994) 2710–2728

Tracing with a†pap over |i1, i2, . . .〉 we get

f ′p − fp = Tr
[
a†pap

(
T ρ̂T † − ρ̂TT †

)]
(23)

=

∞∑
k=1

(−1)kTr
[
a†pap

(
iT ρ̂(iT )k − ρ̂(iT )k+1

)]

=
1

Z

∞∑
k=1

(−1)k
∑
{i}

∑
{n}

(
np − ip

)
f̊
i1
1 f̊

i2
2 . . . (iT )kiniTni

Blažek, T., Maták, P., 2104.06395
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Conclusions

← A diagrammatic concept connecting the classical Boltzmann equation
and quantum kinetic theory has been introduced.

← Statistical factors due to on-shell intermediate states have been formally
represented by the cuts of forward diagrams with multiple spectator
lines.

← Results are in agreement with the direct closed-time-path derivation of
non-equilibrium quantum field theory.

← Unitarity and CPT constraints to the reaction rate asymmetries can be
derived in our approach to kinetic theory in the same way as in T = 0
calculations.

Thank you for your attention!


