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Motivations

I Write down a general Lagrangian to describe LFV processes
I Disentangle nuclear structure and particle physics components

of the problem
I Present a formalism friendly to model building of LFV

mechanisms.
I Give an example of the method (the case of lead 208)
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Formalism
The process

µ− + (A,Z ) −→ e− + (A,Z )∗

|pe| = mµ − εb − (Ef − Ei ),

The probability of the muon-to-electron conversion process reads

Γi→f =
2π
~

∫
d p̂e

(
pe

mµ

)2

|〈f |Tnucl |i , µ〉|2 Tlep,
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Formalism
The Lagrangian

The most general effective lepton-flavor violation (LFV) Lagrangian in
the non-photonic sector and at the quark-lepton level can be written
in the form:

Lnp =− GF√
2

∑
q=u,d,s,..

[(gLS(q)eLµR + gRS(q)eRµL)qq

+(gLP(q)eLγ5µR + gRP(q)eRγ5µL)qγ5q
+(gLV (q)eLγ

µµR + gRV (q)eRγ
µµL)qγµq

+(gLA(q)eLγ
µγ5µL + gRA(q)eRγ

µγ5µR)qγµγ5q

+
1
2

(gLT (q)eLσ
µνµR + gRT (q)eRσ

µνµL)qσµνq]

=LS + LP + LV + LA + LT ,

GF is the Fermi constant, gXK (q) are dimensionless coupling
constants at quark level (q), X = {L,R} and K = {S,P,V ,A,T}
(scalar, pseudo-scalar, vector, axial-vector, and tensor terms).
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Formalism
Lagrangian at the nucleon level

The Lagrangian can be rewritten using the isospin formalism at the
nucleonic level:

Lnp =− GF√
2

[eLµRψ(g(0)
LS + g(1)

LS τ3)ψ + eRµLψ(g(0)
RS + g(1)

RSτ3)ψ

+eLγ
5µRψγ5(g(0)

LP + g(1)
LP τ3)ψ + eRγ

5µLψγ5(g(0)
RP + g(1)

RPτ3)ψ

+eLγ
µµLψγµ(g(0)

LV + g(1)
LV τ3)ψ + eRγ

µµRψγµ(g(0)
RV + g(1)

RV τ3)ψ

+eLγ
µγ5µLψγµγ5(g(0)

LA + g(1)
LA τ3)ψ + eRγ

µγ5µRψγµγ5(g(0)
RA + g(1)

RAτ3)ψ

+
1
2

(
eLσ

µνµLψσµν(g(0)
LT + g(1)

LT τ3)ψ + eRσ
µνµRψσµν(g(0)

RT + g(1)
RT τ3)ψ

)
],

where ψ = (p,n)T , and g(0)
XK and g(1)

XK are isoscalar and isovector
coupling constants.
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Formalism
Coupling constants

The coupling constants are connected with coupling constants at the
quark level through:

g(0)
XK =

1
2

∑
q=u,d,s

(gXK (q)G(q,p)
K + gXK (q)G(q,n)

K )

g(1)
XK =

1
2

∑
q=u,d,s

(gXK (q)G(q,p)
K − gXK (q)G(q,n)

K ),

where G(q,p)
K are form-factors obeying the relations

G(u,p)
K = G(d,n)

K , G(d,p)
K = G(u,n)

K , G(s,p)
K = G(s,n)

K ,

where u, d , and s are quark indices and p and n stand for protons
and neutrons.
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Formalism
Form factors

Table: Form factors at the quark level

G(u,p)
V = 2 G(d,p)

V = 1 G(s,p)
V = 0

G(u,p)
A = 0.78 G(d,p)

A = −0.47 G(s,p)
A = −0.19

G(u,p)
S = 5.1 G(d,p)

S = 4.3 G(s,p)
S = 2.5

G(u,p)
P = 103 G(d,p)

P = 100 G(s,p)
P = 3.3

The coupling constants for neutron gXK (n) and proton gXK (p) states
are related to g(0)

XK and g(1)
XK by:

gXK (n) = g(0)
XK − g(1)

XK

gXK (p) = g(0)
XK + g(1)

XK .
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Operators

To obtain the expression for MNucl the effective interaction is
expanded in powers of the inverse nucleon mass M−1

N and in the limit
of small momenta, pN/MN � 1, where pN is the momentum of the
nucleon, one obtains:

M2
Nucl(J

π
f ) = M2(〈1〉) + M2(〈σ〉) + M2(Λ),

M2(〈1〉), M2(〈σ〉) and M2(Λ) are the spin-independent,
spin-dependent and tensor parts of the squared matrix element.
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Operators
Spin independent

M2(〈1〉) = mec1 + Eec2 −
1

2MN
p2

ec3,

c1 =
∑

qq′=(p,n)

{2gLS(q)gRS(q′) + 2gLS(q)gRV (q′) + 2gRV (q)gLV (q′)

+ gRS(q)gLV (q′) + gRS(q)gRV (q′)}M(qq′, l γ = 0 J)

c2 =
∑
{2gLS(q)gLV (q′) + 2gRS(q)gRV (q′) + 2gRV (q)gRV (q′)

+ gLS(q)gLS(q′) + gRS(q)gRS(q′)}M(qq′, l γ = 0 J)

c3 =
∑
{gLS(q)gLV (q′) + gRS(q)gRV (q′)− gLS(q)gLT (q′)

− gRS(q)gRT (q′) + gRV (q)gRV (q′) + gLV (q)gLV (q′)
− gRV (q)gRT (q′)− gLV (q)gLV (q′)}M(qq′, l γ = 0 J),
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Operators
Spin dependent

M2(〈σ〉)) = mec′1 + Eec′2 −
1

2MN
p2

ec′3,

c′1 =
∑
{2gRA(q)gLA(q′) + 2gRA(q)gLT (q′) + 2gLA(q)gRT (q′)

+2gLT (q)gRT (q′)}M(qq′, l γ = 1 J)

c′2 =
∑
{2gRA(q)gRT (q′) + 2gLA(q)gLT (q′) + gRA(q)gRA(q′)

+gLA(q)gLA(q′) + gLT (q)gLT (q′) + gRT (q)gRT (q′)}M(qq′, l γ = 1 J)

c′3 =
∑
{2(−gLP(q)gLA(q′)− gRP(q)gRA(q′)− gLP(q)gLT (q′)

−gRP(q)gRT (q′) + gRA(q)gRA(q′) + gLA(q)gLA(q′)
−gRA(q)gRT (q′)− gLA(q)gLT (q′))}M(qq′, l γ = 1 J),
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Operators
Tensor terms

M2(Λ) = − 1
2MN

p2
e

√
2
3

c′′3 ,

c′′3 =
∑

qq′=(p,n)

{(−2gLP(q)gLA(q′)− 2gRP(q)gRA(q′)− 2gLP(q)gLT (q′)

−2gRP(q)gRT (q′) + gRA(q)gRA(q′) + gLA(q)gLA(q′)
−gLT (q)gLT (q′)− gRT (q)gRT (q′))}M(qq′),
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Nuclear matrix elements

M(qq′, l γ = 0 J) =∑
k,k ′,ρ,ρ′

C(k)(ρ)C(k ′)∗(ρ′)〈ρ, k ||T (l,0)J ||0+〉〈ρ′, k ′||T (l,0)J ||0+〉∗.

M(qq′, l γ = 1 J) =∑
k,k ′,ρ,ρ′

C(k)(ρ)C(k ′)∗(ρ′)〈ρ, k ||T (l,1)J ||0+〉〈ρ′, k ′||T (l,1)J ||0+〉∗

M(qq′)tensor

=
∑

kk ′,ρ,ρ′

C(k)(ρ)C(k ′)∗(ρ′)

(
5
6

)2 4π
2Ji + 1

∑
l,l′,K

(−1)l/2−l′/2+K

√
(2l + 1)(2l ′ + 1)

(
l l ′ 2
0 0 0

){
1 1 2
l ′ l K

}
〈ρ, k ||i l jl (per)g(r)[Yl (̂r)× σ](K )||0+〉
〈ρ′, k ′||i l

′
j ′l (per)g(r)[Yl′ (̂r)× σ](K )||0+〉∗.
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Radial dependence of the operators
muon wave functions

T (l,0)JM = δlJ
√

4πi l jl (per)g(r)YlM (̂r),

T (l,1)JM =
√

4πi l jl (per)g(r)[Yl (̂r)× σ](JM).
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Figure: Radial muon wave function and nuclear densities of 208Pb. Left panel:
large (g(r)) and small (f (r)) components of the muon wave function, together
with the proton and neutron densities of 208Pb as a function of the radius;
Right panel: large component of the muon wave function g(r) compared to
normalised sin (mµr)/mµ.
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Coherent and non-coherent transitions

The non-coherent part of the probability Γi→f is given by

M2
gs−→exc =

∑
f

(
pef

mµ

)2

M2
Nucl(J

π
f ),

From the effective Lagrangian only the scalar and vector terms
contribute to the squared matrix element of the coherent process:

M2
gs−→gs = (3gV fV )2

[(
1 +

1
3
β

)
ZFZ +

(
1− 1

3
β

)
NFN

]2

,

with the proton and neutron nuclear form factors FZ and FN given by
the expressions

FZ =
1
Z

∑
j

(2j + 1)〈j ||j0(|pe|r)||j〉(V Z
j )2,

FN =
1
N

∑
j

(2j + 1)〈j ||j0(|pe|r)||j〉(V N
j )2,
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Results
The spectrum and wave functions of Pb208

0+ 0.000

3− 2.615
5− 3.198
4− 3.475
5− 3.708
6− 3.920
4− 3.947
5− 3.961
4− 3.995
7− 4.037
3− 4.051
2+ 4.086
5− 4.180
6− 4.206
2− 4.230
3− 4.255
4− 4.262
5− 4.296
4+ 4.324
6+ 4.424

1− 4.842
0+ 4.868
5+ 5.193
0− 5.281
3+ 5.383

1+ 5.844

0+ 0.000

3− 2.617
3− 2.848
5− 2.904
1− 3.008
4+ 3.138
2+ 3.259
5− 3.282
4− 3.466
2− 3.587
7− 3.682
6+ 3.705
5− 3.720
3− 3.754
4− 3.796
6− 3.921
5− 4.050
4− 4.209
5− 4.235
6− 4.316
4− 4.602
5+ 4.847
0− 5.028

3+ 5.383
0+ 5.470
1+ 5.521

Experiment Theory
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Results
Nuclear Matrix Elements: Exact muon wave function

q,q′ = p,p′ q,q′ = n,n′ q,q′ = p,n′∑
f (pef /mµ)2meM〈1〉(qq′) 0.445×10−2 0.387×10−2 0.261×10−3∑
f (pef /mµ)2EefM〈1〉(qq′) 0.716 0.660 0.615×10−1∑

f (pef /mµ)2p2
ef
/(2MN)M〈1〉(qq′) 0.315×10−1 0.308×10−1 0.360×10−2∑

f (pef /mµ)2meM〈σ〉(qq′) 0.455×10−2 0.400×10−2 -0.381×10−4∑
f (pef /mµ)2EefM〈σ〉(qq′) 0.719 0.675 -0.116×10−1∑

f (pef /mµ)2p2
ef
/(2MN)M〈σ〉(qq′) 0.311×10−1 0.310×10−1 -0.762×10−3∑

f (pef /mµ)2p2
ef
/(2MN)M〈Λ〉(qq′) -0.924×10−4 0.362×10−4 -0.206×10−3

Table: Nuclear matrix elements, of the orbital, spin, and tensor operators In
all of these matrix elements the exact muon wave function is used
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Results
Approximated muon wave function

q,q′ = p,p′ q,q′ = n,n′ q,q′ = p,n′∑
f (pef /mµ)2meM〈1〉(qq′) 0.675×10−2 0.593×10−2 0.306×10−3∑
f (pef /mµ)2EefM〈1〉(qq′) 1.085 1.016 0.727×10−1∑

f (pef /mµ)2p2
ef
/(2MN)M〈1〉(qq′) 0.475×10−1 0.473×10−1 0.426×10−2∑

f (pef /mµ)2meM〈σ〉(qq′) 0.680×10−2 0.603×10−2 -0.588×10−4∑
f (pef /mµ)2EefM〈σ〉(qq′) 1.074 1.018 -0.163×10−1∑

f (pef /mµ)2p2
ef
/(2MN)M〈σ〉(qq′) 0.462×10−1 0.468×10−1 -0.103×10−2∑

f (pef /mµ)2p2
ef
/(2MN)M〈Λ〉(qq′) -0.124×10−3 0.176×10−4 -0.213×10−3

Table: Idem as the previous table with the replacement of the radial factor
g(r)jl(per) by g(R)jl(per)
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Non-coherent process

term total spin- spin- spin- spin-
independent dependent independent/total (%) dependent/total(%)

scalar 2.217 2.217 0. 100 0.
vector 2.013 2.013 0. 100 0.

axial-vector 1.850 0. 1.850 0 100
tensor 2.032 0.005 2.027 0.2 99.8

Table: Contribution of different terms of the effective Lagrangian to the total
squared matrix element of the non-coherent process (2nd column), its
spin-independent (3rd column), and spin-dependent (4th column), parts. The
5th and 6th columns show the percentages of spin-independent and
spin-dependent terms to the total squared matrix element. All values are
given in units of G2

F
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The non-coherent N.M.E.of the W-exchange and
SUSY models

model total spin- spin- spin- spin-
independent dependent independent/total (%) dependent/total(%)

W-exchange 3.532 2.691 0.841 76.2 23.8
SUSY 34.331 5.024 29.307 14.6 85.4

Table: Contribution of W-exchange and SUSY models to the total squared
matrix element of the non-coherent process (2nd column), its
spin-independent (3rd column) and spin-dependent (4th column) parts. The
5th and 6th columns show the percentages of spin-independent and
spin-dependent terms to the total squared matrix element.
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Multipole contributions to the non-coherent pro-
cess

Jπ W-exchange SUSY

0−

0+

1−

1+

2−

2+

3−

3+

4−

4+

5−

5+

total spin- spin-
independent dependent

0.056 0.000 0.056
0.636 0.636 0.000
1.217 1.074 0.143
0.253 0.000 0.253
0.166 0.000 0.166
0.735 0.653 0.082
0.298 0.279 0.019
0.090 0.000 0.090
0.025 0.000 0.025
0.045 0.042 0.003
0.005 0.005 2×10−4

0.004 0.000 0.004

total spin- spin-
independent dependent

2.110 0.000 2.110
1.087 1.087 0.000
7.134 2.218 4.916
8.238 0.000 8.238
5.809 0.000 5.809
3.934 1.099 2.835
1.270 0.504 0.766
3.364 0.000 3.364
0.920 0.000 0.920
0.257 0.103 0.155
0.027 0.013 0.014
0.181 0.000 0.181

Table: Contributions of various multipoles (Jπ) to the total squared matrix
element of the non-coherent process, for the W-exchange model and for the
SUSY model
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Multipole decomposition of the non-coherent
channel (W-exchange and SUSY models)

model M2
gs−→gs M2

gs−→exc
W-exchange 1738.8 3.5

SUSY 2904.3 34.3

Table: Square matrix elements for coherent and non-coherent transitions for
the W-exchange and SUSY models.
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Multipole contributions (histograms)
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Figure: Multipole decomposition of the squared matrix element of the
non-coherent process for different terms of the effective Lagrangian, namely:
S (scalar terms), V (vector terms), A (axial-vector terms), and T(tensor
terms), respectively. All values are nuclear matrix elements square,
regardless of the specific model for the (µ− −→ e−) conversion.
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W-exchange and SUSY models
(histograms) for the non-coherent case
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Non-coherent channel
spin-independent n.m.e, proton and neutron contributions, independently of the LFV
model
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Non-coherent channel
spin-dependent n.m.e, proton and neutron contributions, independently of the LFV
model
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Non-coherent channel
tensor-type n.m.e, proton and neutron contributions, independently of the LFV model
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Conclusions

The theoretical approximations leading to the LFV transition
amplitudes are dependent on the assumptions made to approximate
the sub-nucleonic and nucleonic parts of the currents and ultimately
on the form of the adopted interactions to describe nuclear
correlations, as well as on the specific form of the Lagrangian.
While the nuclear part of the calculations may be tested by other
means, for instance by using the same wave functions to calculated
electromagnetic transitions, decays and particle transfer reactions on
the nucleus host of the LFV process, the particle physics part of it is
still open to schemes which goes beyond the standard model of the
electroweak transitions.
Then, the task to determine the influence of the underlying LFV
model in setting up limits on the observability of (µ− −→ e−)
conversion, may be facilitated by the use of the multipole
decomposition of the nuclear response as we have done in this work.
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