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Matrix Elements for the Double beta decay Experiments (MEDEX'19)
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Double-beta decay and nuclear matrix elements

phase space factor effective mass of electric neutrino

half life of 0νββ
(from experiments)

p Precise value of the NME is necessary to determine the neutrino mass
p Theoretical values of NMEs are within a factor of 2-3

neutrinoless double-beta decay(0νββ)

Engel and Menéndez, Rep. Prog. Phys. 80, 046301 (2017)

nuclear matrix element

p neutrino mass is zero within the standard model
p neutrino oscillation measurements clarifies the finite mass of neutrino

Neutrino oscillation cannot determine the neutrino mass
Double-beta decay may determine it if the neutrino is Majorana particle

neutrino mass
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QRPA for double-beta decay

nfni

two pnQRPA calculations (from initial and final states)

Two sets of intermediate states do not agree because the QRPA is an approximation
→ matching of the intermediate states

2νββ

öO 
n =

!

µ !

X n
µ ! an  

µ ap 
! ! Y n
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O(α) is a overlap quantity from the two HFB states
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! gpp can be determined from β decay and 2νββ decay

QRPA equation

intermediate states |ni , K ! = öO 
n i ,K |0+i !
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|nf ,Ki = Ô
†
nf ,K

|0+f i
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Matching of the intermediate states
Mustonen et al., Phys. Rev. C 87, 064302 (2013)QTDA overlap

QRPA overlap Simkovic et al., Nucl. Phys. A 733, 321 (2004)



Skyrme QRPA for double-beta decay
Mustonen and Engel, Phys. Rev. C 87,064302 (2013)
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two-quasiparticle dimension ~ 500,000,   truncation to 15,000
(almost 2p or 2h states and states with high 2qp energy removed)
full diagonalization necessary for double-beta decay calculation

! Skyrme EDF: global parametrization in full sp model space
! QRPA calculation for 76Ge, 130Te, 136Xe, 150Nd
! HFB model space: two-dimensional, 20 fm (0.7 fm mesh) 

! axial deformation allowed
! QRPA

QRPA with large model space is computationally demanding



Finite-amplitude method (FAM)
p QRPA: small-amplitude limit of time-dependent density functional theory
p FAM: linear response formalism of QRPA for DFT
p efficient iterative solution to the QRPA problem
p one-body induced field not through two-body AB matrices
p easy implementation on top of existing mean-field codes

oscillation of the quasiparticles (XY) induced field(δH)

Nakatsukasa et al., Phys. Rev. C 76, 024318 (2007)

time-dependent 
external field with 
frequency ω (eiωt, e-iωt)

⇢(t) = ⇢0 + �⇢(t)

(t) = 0 + �(t)
h[ρ], Δ[ρ,κ]one-body (N)

two-body (N2)

one-body (N)
oscillation of densities

TDDFT(TDHFB) (one-body) equation
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FAM for sum rules

mk(F̂ ) =
X

⌫>0

⌦k
⌫ |h⌫|F̂ |0i|2

R
e 
ω

Im ω

A1

A2

I1

I2

RA2
RA1

QRPA poles
pole from ωk

~200MeV

NH, Kortelainen, Nazarewicz, Olsen, Phys. Rev. C 91,044323 (2015)

QRPA sum rule

Contour integration including all the positive energy poles

EWSRIEWSR

S(F̂ ,!) = �
X

⌫>0

(
|h⌫|F̂ |0i|2

⌦⌫ � !
+

|h0|F̂ |⌫i|2

⌦⌫ + !

)
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FAM for pnQRPA
Mustonen Shafer, Zenginerler, Engel, Phys. Rev. C 90, 024308 (2014)

β decay strength
(contour integration)

Gamow-Teller resonance (22Ne)

Global calculations, new Skyrme parametrizations fitted to β decay and GT
Mustonen and Engel, Phys. Rev. C 93, 014304 (2016)

FAM code development for pnQRPA (Skyrme-EDF HFBTHO)

dots: FAM
line: MQRPA



2νββ decay NME from the FAM
external fields

FAM amplitude

NH, Engel, in preparation

NME related part

two FAM calculations (from initial state with ωi, final state with ωf)

Tpn,p0n0(↵,!, F̂K
F/GT�,!

0, F̂�K
F/GT�) = Y f

pn(!
0, F̂�K

F/GT�)X
i
p0n0(!, F̂K

F/GT�)� ↵Xf
pn(!

0, F̂�K
F/GT�)Y

i
p0n0(!, F̂K

F/GT�)
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2νββ decay NME from the FAM

first order poles at

double GT transition

2νββ NME

complex-energy FAM allows us to compute DGT and 2νββ NME very efficiently

NH, Engel, in preparation

contour D encircles all the positive energy poles
contour D’ encircles all the negative energy poles

DD’

Re ω

Im ω

QRPA poles

FAM with (σ)τ- from initial state, FAM with (σ)τ- from final state

4

We define the quantity

Tpn,p0n0(↵,!, F̂K
F/GT�,!

0, F̂�K
F/GT�) = Y f

pn(!
0, F̂�K

F/GT�)X
i
p0n0(!, F̂K

F/GT�)� ↵Xf
pn(!

0, F̂�K
F/GT�)Y

i
p0n0(!, F̂K

F/GT�) (29)

which is the combination of the two FAM amplitudes, and ↵ = 0 or 1 turns o↵/on the backward contribution. Note
that we should not take the complex conjugate for the FAM amplitudes. it changes ! to !⇤ and makes the analyticity
of the complex function complicated. Using Eqs. (25) to (28), this quantity is expressed in terms of the QRPA
amplitudes as

Tpn,p0n0(↵,!, F̂K
F/GT�,!

0, F̂�K
F/GT�) =

X
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(30)

T has the first-order poles at ! = ±⌦⌫i,K and !0 = ±⌦⌫f ,�K . The first term is related to the nuclear matrix elements,
so we take the residues at ! = ⌦⌫i,K and !0 = �⌦⌫f ,�K . We set the contour D for !, which is the same as in Fig. 1
in Ref. [7] that includes all the positive energy poles and excludes all the negative energy poles, and contour D0 for
!0, which is mirror symmetric to the contour D with respect to the imaginary axis. It includes all the negative energy
poles, and excludes the positive energy poles. By performing the double complex integration with respect to ! and
!0, with an arbitrary complex function of ! and !0, fp0n0,pn(!,!0), that is regular on and in the region surrounded
by the contour D and D0, we have
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By choosing fp0n0,pn(!,!0) to either Op0pOnn0 or O0
p0pO

0
nn0 , and include the energy denominator 2/(! � !0) which

becomes 2/(⌦⌫i,K + ⌦⌫f ,K) at each residue, we get the corresponding matrix elements. For the overlap expression
(11), we have

MDGT =
1X

K=�1

M(↵, F̂K
GT, F̂

�K
GT ; fp0n0,pn(!,!

0)) = Op0p(↵)On0n(↵)), (32)

M2⌫
F =M(↵, F̂K=0

F , F̂K=0
F ; fp0n0,pn(!,!

0)) =
2Op0p(↵)On0n(↵)

! � !0 ) (33)

M2⌫
GT =

1X

K=�1

M(↵, F̂K
GT, F̂

�K
GT ; fp0n0,pn(!,!

0)) =
2Op0p(↵)On0n(↵)

! � !0 ) (34)

One note about the choice of the contour. There is additional singularity at ! = !0 just during evaluating the
complex integration. We can shift the contour with ±�!real to avoid the imaginary axis.

The double complex integration M can be used for evaluating the non-energy-weighted sum rules (Ikeda sum rules).
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Test calculation for sum rule

Fermi Gamow-Teller

! small calculation without MPI parallelization (48Ti)
! HFBTHO: SLy4, Nsh=5, no np pairing in the HFB level
! isovector pairing Vn=-230 MeV fm3, Vp=-260 MeV fm3
! t0: isoscalar pn pairing, t1: isovector pn pairing (volume-type)
! contour integration: 200 points for the arc, 200 points for the line

t0=Vnp= -240 MeV fm3 t1=Vnp=-240 MeV fm3
phase transition to np-pair condensation at t1<-300, t0<-310.
where some of QRPA poles become imaginary. 
the integration does not correspond to the sum rule anymore

code: HFBTHO, pnFAM(Mustonen et al., Phys. Rev. C 90, 024308 (2014))
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DGT and !"## nuclear matrix element

!"## experimental value：
M! " = 0.046±0.004 MeV-1 (Barabash, Nucl. Phys. A 935, 52 (2015), with gA=1.27)
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!"## decay NME from the FAM
NH, Engel, in preparation

!"## : not very easy

p neutrino propagator(intermediate state)
p integral over the neutrino momentum
p two-body operator is not separable (neutrino potential)

q-integral and l,m-summation must be computed separately

expansion of spherical Bessel function
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